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Quadrangular embeddings of the general octahedral graph and the complete 
graph K,, for n = 5 (mod 8) into orientable surfaces are constructed. These embed- 
dings determine polyhedra with a minimal number of quadrangles. 0 1989 Academic 
Press, Inc. 
1. I~GTRODUCTION 
Let S be a compact Z-manifold. A polyhedron on S is called a 
quudrangulution if each face of the polyhedron is a quadrangle (square) 
with four distinct vertices, any pair of vertices is joined by at most one 
edge, and the intersection of any two distinct squares is either empty or at 
most one edge and at most three vertices. A quadrangulation of S is called 
minimal if the number of squares is minimal. For instance, the cube is a 
minimal quadrangulation of the sphere and Fig. 1 shows an embedding of 
K, into the torus with five squares which is a minimal quadrangulation of 
the torus. We shall denote the number of squares in a minimal 
quadrangulation of S by Y(S). We shall construct quadrangular 
embeddings of K,, for n E 5 (mod 8) and the general octahedral graph. 
Both of these embeddings determine polyhedra which are minimal 
quadrangulations of orientable surfaces. 
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FIG. 1. Minimal quadrangulation of the torus. 
2. LOWER BOUND 
Let S be a surface. Let Q be a quadrangulation of S and let V, E, F be 
the number of vertices, edges, and faces of Q, respectively. Then 
V-E+F=E(S) (1) 
is the Euler characteristic of S. Since Q is a quadrangulation each pair of 
vertices is joinded by at most one edge. So Q has no more edges than pairs 
of vertices. That is, 
E< ; 
0 
(2) 
Since each face is a square, and each edge is incident with two squares, 
4F= 2E. (3) 
Together with (1) we obtain 
2V-E=2E(S). (4) 
From (2) it follows that 
4v- V( v- 1) < 4E(S). 
Remark. We exclude the case S is the sphere because in that instance 
the quadratic inequality is 
v’-5v+g30; 
all values of V are solutions, so no information is obtained. 
This quadratic inequality has the solution 
v3 rg5 + J-,-1. 
From (1) and (3) we obtain 
F= V-E(S). 
(5) 
(6) 
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Now we assume Q is a minimal quadrangulation of S. Then F = Y(S) 
and from (5) and (6) we obtain 
Y(S) 3 rg5 + JZml -E(S). (7) 
If we denote the orientable surface of genus p by S, then E(S,) = 2 - 2p, 
and we can write (7) as 
3. SMALL CASES 
THEOREM 1. The cube is the only minimal quadrangulation of the sphere, 
so !P(&)=6. 
Proof. Let Q be a minimal quadrangulation of S,. We denote by G(Q) 
the l-skeleton of Q which is formed by the vertices and edges of Q. We 
verify the following four properties (a), (b), (c), and (d). 
(a) Each vertex is incident with at least three squares. 
Otherwise two squares would have two edges in common. As a con- 
sequence of this 
4F33V. (9) 
(b) Any two squares in Q have no more than two vertices in com- 
mon. 
Suppose this is not true. Then Q contains the configuration shown in 
Fig. 2. Thus G(Q) contains a cycle of length three. The cycle divides the 
sphere into two open cells according to the Jordan curve theorem. Each of 
the two cells is subdivided into squares. We erase all the edges inside one of 
the cells and consider this cell as one face which is a triangle. We obtain a 
polyhedron T, with one triangle and say h squares. Then 3 + 4h equals 
twice the number of edges in T, which is a contradiction. 
(c) If two squares in Q have two vertices in common, then they also 
have the edge joining the two vertices in common. 
FIGURE 2 
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FIG. 5. Minimal quadranguiation of S,. 
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FIG. 6. A quadrangular embedding of KS into S,. 
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If this is not true, then Q contains the configuration shown in Fig. 3. 
Here we have the open cells C, and C,. There will be at least one vertex u 
inside C,, otherwise there are two squares with three vertices in common. 
By (a) v is incident with at least three squares. Thus there are at least 
squares inside C, and at least three squares inside Cz. Together with the 
two squares shown, this is a total of at least eight squares which cannot be 
minimal, since the cube has only six squares. 
(d) Each vertex in Q is incident with exactly three squares. 
If this is not true, then there is a vertex which has valence 4 (or greater). 
Fig. 4 shows a vertex 1 of valence 4. By properties (b) and (c) the nine 
vertices shown in Fig. 4 must ail be distinct. Thus u b 9, 
4F>3V>27 
which implies that F 3 7, so Q can no longer compete with the cube. 
Because of (d), (9) is in fact an equality. Then F must be divisible by 
three, and since F cannot equal three, F must be six. So Q has six squares 
and eight vertices of valence 3. It is known that Q must be the cube. 1 
Figures 5 and 6 show minimal quadrangulations of S2 and Sq, respec- 
tively. 
4. QUADRANGULAR EMBEDDINGS OF K, FOR n- 5 (mod 8) 
The smallest example of such an embedding is the embedding of K, in 
the torus shown in Fig. 1. If we read off the neighbors of vertex 0 counter- 
clockwise we obtain the cyclic row 
0. 1, 3, 4, 2. 
A combinatorial scheme for the embedding consists of such listings for each 
vertex. The scheme for the embedding in Fig. 1 is 
0. 1, 3, 4, 2 
1. 2, 4, 0, 3 
2. 3,0,1,4 
3. 4, 1, 2, 0 
4. 0, 2, 3, 1. 
(10) 
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This scheme satisfies the following rule: 
Rule Q*. If in row i. . . . . j, k, . . . 
and in row k. . . . . i, I, . . . 
then in row j. . . . . I, i, . . . 
and in row I. . . . . k, j, . . . . 
If C is a combinatorial scheme of a graph G which satisfies rule Q*, then 
there exists a quadrangular embedding of G into an orientable surface, and 
the scheme of the embedding is precisely C (Edmonds’ technique). 
Notice that in scheme (10) row i is obtained by adding i to each entry of 
row 0, the addition being that in L,, the cyclic group of order live. So once 
we have row 0, we have all the information necessary. How did we obtain 
row O? We use the powerful technique of current graphs. The theory of 
current graphs is treated in detail in Ringel’s book [ 11. Here we can only 
give a brief description. To obtain row 0 of scheme (10) we use the current 
graph pictured in Fig. 7. Each arc (directed edge) carries an element of Z, 
called the current of the arc. In Fig. 7 there is only one vertex which is 
black (clockwise rotation). In general there may also be white vertices 
(counterclockwise rotation). Now let a traveller walk along an arc, say the 
arc with current 1, in the direction of the arrow. He is supposed to continue 
his walk by taking the arc to the right when he reaches a white vertex and 
the arc to the left when he reaches a black vertex. Thus as in Fig. 7 the 
traveller completes a walk (circuit) after traversing arcs with currents 
1, -2, - 1, 2. The cycle (1, -2, - 1, 2) is called the log of the walk. We 
record a negative number when an arc is traversed in the direction opposite 
to the direction of the arrow. When we replace each negative by its positive 
counterpart in Z,, we obtain row 0 of scheme (10). A choice of clockwise 
and counterclockwise vertices in a current graph which induces just one 
circuit is called a circular rotation. 
FIGURE 7 
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The current graphs we use all satisfy the following: 
(Cl ) Each vertex has valence 4. 
(C2) Each of the elements 1,2, . . . . Lm/2 J is a current of exactly one 
arc if Z,, is the group in use. 
(C3) At each vertex the sum of the inward flowing currents equals 
the sum of the outward flowing currents (Kirchoffs current law). 
(C4) The given rotation is circular. 
Properties (Cl) and (C3) insure that each face of the embedding is a 
square (i.e., that the resulting scheme satisfies rule Q*), property (C2) 
insures that each vertex in the embedding is adjacent to every other vertex 
exactly once, and property (C4) insures that every line in the scheme is just 
one cycle. 
Figure 8 shows the current graph which generates row 0 of the scheme 
for a quadrangular embedding of Kr3 into S,,. 
THEOREM 2. There exists a quadrangular embedding of the complete 
graph on 8t + 5 vertices into an orientable surface of genus p = 8t2 + 5t + 1. 
The polyhedron determined by this embedding is a minimal quadrangulation 
of the surface. 
Proof. Figure 9 shows the current graph which generates row 0 of the 
scheme for a quadrangular embedding of K,, + S into an orientable surface 
of genus p = 8t2 + 5t + 1. For the complete graph inequalities (2), (5), (7) 
and (8) are equalities, and thus the polyhedron determined by the 
embedding is a minimal quadrangulation of the surface. 1 
Remark. White [3, pp. 177, 1 IS] presents a quadrangular embedding 
of K2r into an orientable surface using K, as a current graph. 
FIGURE 8 
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FIGURE 9 
5. QUADRANGULAR EMBEDDING OF THE GENERAL OCTAHEDRAL GRAPH 
The general octahedral graph, OZn, is the graph with 2n vertices denoted 
by 0, 1, 2, - . . . . 2n 1, and two vertices i and j are adjacent if and only if 
Ii- jl fn. An alternative description is that 02,, is the complete n-partite 
graph with two vertices in each partite set. 
Figure 10 shows a quadrangular embedding of 0s into S,. The scheme 
for the embedding is as follows: 
0. 1, 5, 2, 6, 3, 7 
4. 7, 3, 6, 2, 5, 1 
1. 3, 7, 2, 6, 0, 4 
5. 4, 0, 6, 2, 7, 3 
2. 0, 4, 1, 5, 3, 7 
6. 7, 3, 5, 1,4, 0 
3. 2, 6, 1, 5, 0, 4 
7. 4, 0, 5, 1, 6, 2. 
THEOREM 3. There exists a quadrangular embedding of O,, into an orien- 
table surface S, with p = t(n’ - 3n + 2) and the polyhedron determined by the 
embedding is a minimal quadrangulation of S,. 
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FIG. LO. A quadrangular embedding of O8 into S3 
6 17 0 
Proof Whenever n is even, the following scheme gives a quadrangular 
embedding of Ozn into an orientable surface of genus t(n’- 3n + 2): 
0. 1, n+l, 2, n+2, . ..) n-2, 2n-2, n-l, 2n-1 
n. 2r1- 1, n - I, 2n - 2, n - 2, . . . . n + 2, 2, n+l, 1 
1. n- 1, 2n- 1, n-2, 2n-2, . . . . 2, n + 2, 0, n 
n+ 1. n, 0, n+2, 2, . ..) 2n-2, n-2, 2n-1, n-l, 
. . . . . . . 
n- 1. n-2, 2n-2, n-3, 2n-3, . . . . 1, n+l, 0, rl 
2n - 1. n, 0, n+l, 1, . . . . 2n - 3, n - 3, 2n - 2, n -2. 
(11) 
If n is odd, the scheme for a quadrangular embedding of O,, into an 
orientable surface of genus p = $(n’ - 3n + 2) is as follows: 
0. 1, n+ 1, 2, n + 2, . . . . n-2, 2n-2, n-l, 2n-1, 
n. 2n-1, n-l, 2n-2, n-2, . . . . n-2, 2, n+l, 1 
1. n-l, 2n-1, n-2, 2n-2, . . . . 2, n + 2, 0, 4 
n+l. n, 0, n-l-2, 2, . . . . 2n-2, n-2, 2n-1, n-l, 
. . . . . . 
n - 2. n-l, 2n-1, n-3, 2n-3, . . . . 1, n+ 1, 0, n, 
2n -2, n, 0, n+l, 1, . . . . 2n - 3, n - 3, 2n - 1, n - 1, 
n-l. 0, n, 1, n + 1, . . . . n-3, 2n-3, n-2, 2n-2, 
2n-1. 2n-2, n-2, 2n-3, n-3, . . . . n+ 1, 1, n, 0. 
(l-2) 
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The reader can verify that schemes (11) and (12) satisfy rule Q*. The 
number of squares in both cases is n2 -x We shall prove that this 
quadrangulation is minimal; that means we shall prove that Y(S,) = n2 - n 
for p = $(H’ - 3n + 2). If n > 4 the inequality 
l&z’ - 56n + 49 < 16n2- 48n + 25 < 16n” - 40n -k 25 
holds. It follows that 
or 
or 
n2-n-l<+ 16(n2-3n+2)-7+f+n’-3n+2<n2-n 
and therefore 
rt( 1 + J16(n2 - 3n + 2) - 7)1+ n2 - 3n + 2 = n2 - n. 
The left side of this equation is identical to the right side of (8), and 
thus the polyhedron determined by the quadrangular embedding of O,, 
is a minimal quadrangulation of the orientable surface of genus 
p=+(n’-3n+2). m 
If n 3 8, then a quadrangular embedding of O,, minus four edges into an 
orientable surface of genus p = &(n’ - 3n) determines a polyhedron which is 
a minimal quadrangulation of this surface. Such an embedding can be 
obtained from the given embedding of O,, by subtracting a handle and 
four edges in the following way. 
6. HANDLE SUBTRACTION 
Let C be a combinatorial scheme satisfying rule Q* and let C contain the 
following: 
a. . . . . b, e, d, . . . 
b. . . . . c,f, a, . . . 
c. “‘) d, g, b, . . . 
d. . . . , a, h , c, . . . 
e. . . . . k a, A . . . 
J: . . . . e, b, g, . . . 
g. . . . . f, c, h, . . . 
h. . . . . g, d, e, 
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Then the scheme C* which is the same as C everywhere except in these 
eight rows and which has the following changes to these rows: 
a. . . . , b , d, . . . 
b . . , c , a, . . . 
c. . . , , d, b , . . 
d. . . . ) a ) c ) . . . 
‘;I 
. . . . h, A 
. ..) e, g, . . . 
g. . . . . f, h, . . . 
h. . . . . g, e, . . . 
also satisfies rule Q*. If G is a graph with a quadrangular embeddig on a 
surface of genus p described by C, then C* describes an embedding of G 
minus four edges into a surface of genus p - 1. 
In schemes (11) and (12) we find the following rows: 
2. . ..) n+3, 4, nS4 )... 
n+3. . ..) 1, n + 2, 2, . . . 
1. . ..) n + 4, 3, n + 3, . . . 
n + 4. . ..) 2, n+l, 1, . . . 
4. . ..) n + 1, 2, n + 2, . . . 
n + 2. . . . . 4, n + 3, 3, . . . 
3. . ..) n+2, 1, n+l,... 
n + 1. . ..) 3, n+4, 4, . . . . 
When we subtract a handle, these rows become 
2. . ..) n+3, nf4, . 
n + 3. . ..) 1, 2, . . . 
1. . . . . n + 4, n + 3, . . . 
n+4. . ..) 3, 3, . . . . 
and the result is a quadrangular embedding of O,, minus the edges { (2,4), 
(n + 2, n + 3), (1, 3), (n+ 1, n +4)} into an orientable surface of genus 
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p=+(n2 - 3n). The polyhedron determined by this embedding can be 
shown to be a minimal quadrangulation of the surface by an argument 
similar to that used in the proof of Theorem 3. 
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